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A spatial embedding of a graph G is an embedding of G into the 3-dimensional Euclidean
space R3. J.H. Conway and C.McA. Gordon proved that every spatial embedding of the
complete graph on 7 vertices contains a nontrivial knot. A linear spatial embedding of
a graph is an embedding which maps each edge to a single straight line segment. In this
paper, we construct a linear spatial embedding of the complete graph on 2n − 1 (or 2n)
vertices which contains the torus knot T (2n − 5,2) (n 4). A circular spatial embedding
of a graph is an embedding which maps each edge to a round arc. We deﬁne the circular
number of a knot as the minimal number of round arcs in R3 among such embeddings of
the knot. We show that a knot has circular number 3 if and only if the knot is a trefoil
knot, and the ﬁgure-eight knot has circular number 4.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A graph G is a 1-dimensional simplicial complex and each 0-simplex and 1-simplex are called a vertex and an edge
of G , respectively. In particular, the 1-skeleton of an (n − 1)-simplex (n  1) is called the complete graph on n vertices and
is denoted by Kn . The complete graph Kn is a graph such that any two vertices are joined by an edge. We denote the
vertex set and edge set of a graph G by V (G) and E(G), respectively. We call an embedding f :G → R3 of a graph G
in R3(= {(x, y, z) | x, y, z ∈ R}) a spatial embedding of G and a graph f (G) embedded in R3 a spatial graph. A cycle C in
a graph G is a cyclic sequence {v0, . . . , vn−1} of distinct vertices of G such that any two consecutive vertices vi and vi+1,
i taken modulo n, are joined by an edge vi vi+1. A link is a disjoint union of a ﬁnite number of simple closed curves in R3. If
one embeds G in R3 by a spatial embedding f :G →R3, then the image of any cycle in G is a knot, and any disjoint union
of cycles in G forms a link in R3. Conway and Gordon proved that every spatial embedding of K7 contains a nontrivial
knot [2]. A spatial embedding of a graph which maps each edge to a single straight line segment is called a linear spatial
embedding. A simple graph is the graph which does not have multiple edges and loops. It is well known that every simple
graph has a spatial linear embedding. (For example, see [7].) S. Negami showed that for a given link L, there is a ﬁnite
number R(L) such that any linear spatial embedding of the complete graph Kn with n  R(L) contains a link equivalent
to L. Let T (p,q) be the torus knot of type (p,q) (cf. [6]). In this paper, we construct a linear spatial embedding f ∗ :G →R3
and show the following.
Proposition 1. Let n be an integer with n 4. Then there exist linear spatial embeddings of K2n−1 and K2n which contain T (2n−5,2).
A spatial embedding of a graph which maps each edge to a round arc in R3 is called a circular spatial embedding. Let K
be a knot. We deﬁne Circ(K ) as the minimal number n such that K has a circular spatial embedding with n round arcs.
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Theorem 2.
(1) A knot K is a trefoil knot if and only if Circ(K ) is equal to 3.
(2) If K is the ﬁgure-eight knot, then Circ(K ) is equal to 4.
We do not know whether there is a prime knot K with Circ(K ) = 4 other than the ﬁgure-eight knot. (See Remark 8.)
This paper is organized as follows. In Section 2, we shall deﬁne a linear spatial embedding f ∗ of the complete graph on
n vertices and prove Proposition 1. In Section 3, we shall show some properties of a circular spatial embedding of a knot
and prove Theorem 2.
2. Linear spatial embedding
S. Negami studied a linear spatial embedding of Kn [7]. In this section, we construct a linear spatial embedding of Kn
as follows. We consider a linear spatial embedding f ∗ : Kn → R3 such that each vertex of Kn is mapped into a spiral
H := {(cos θ, sin θ,2π − θ); 0 θ  2π} as in Fig. 1.
Let v1, . . . , vn be the vertices of Kn . Let w j be a point with the coordinate (cos
2π j
N , sin
2π j
N ,2π − 2π jN ) for j = 1, . . . ,N
in H , WN = {w1 . . .wN }, and Jn be a subset of WN consists of n points. Then, we know that the set WN is in general
position, and hence any two line segments with ends in WN do not meet in their inner points. This implies that the union
of line segments which join all the pairs of points in Jn yields a linear spatial embedding f ∗ of Kn such that f ∗ maps each
vertex vi ∈ V (Kn) to wpi (i = 1, . . . ,n) where pi < p j if i < j (i.e. Jn = {wp1 , . . . ,wpn }). Let eik be the edge connecting wpi
and wpk if pi < pk . We call such a linear spatial embedding f
∗ a column embedding of Kn . Let p :R3 →R2 be the projection
deﬁned by p(x, y, z) = (x, y,0). Let xikjl (i < j < k < l) be the crossing of eik and e jl with respect to p if it exists. Then we
see that the z-coordinate of p−1(xikjl) ∩ e jl is less than that of p−1(xikjl) ∩ eik by linear algebra.
Proof of Proposition 1. We show that the spatial graph f ∗(K2n−1) contains T (2n − 5,2) for some column embedding f ∗ .
We take a column embedding of K2n−1 for which J2n−1 contains W7 such that the other vertices of f ∗(K2n−1) lie on H
between w3 and w4. Let D be the disk spanning the image p(H). We show that the projection of the knot e13 ∪ e35 ∪
· · · ∪ e(2n−3)(2n−1) ∪ e(2n−1)2 ∪ e24 ∪ · · · ∪ e(2n−4)(2n−2) ∪ e(2n−2)1, denoted by k2n−1f ∗ , and each radial line of D meet at two
points except each crossing of the projection of the knot. We use an induction with respect to the number of vertices of
a complete graph to show it. In the case when n = 4, we have a diagram p(e13 ∪ e35 ∪ e57 ∪ e72 ∪ e24 ∪ e46 ∪ e61) described
in Fig. 2. We can easily see that it meets a radial line at two points except each crossing. (Note that J7 = W7 in this case.)
In the case when n = k, suppose that we obtain it. In the case when n = k + 1, let J ′2k+1 = {w ′1 . . .w ′2k+1} be the set of
all vertices of f ∗(K2k+1) and e′ be the edge connecting w ′ and w ′ (i < k). A knot k2k+1∗ (= e′ ∪ e′ ∪ · · · ∪ e′ ∪ik i k f 13 35 (2k−3)(2k−1)
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Fig. 4.
e′
(2k−1)2 ∪ e′24 ∪ · · · ∪ e′(2k−4)(2k−2) ∪ e′(2k−2)1) is described in Fig. 3(a). Then we take a knot k as k = (k2k+1f ∗ − {e′( j−2) j ∪
e′
( j−1)( j+1) ∪ e′j( j+2) ∪ e′( j+1)( j+3)}) ∪ {e′( j−2)( j+2) ∪ e′( j+1)( j+3)} in f ∗(K2k+1) as shown in Fig. 3.
Let G˜ = f ∗(K2k+1) − {edges which are adjacent with w ′j or w ′j+1}, where w ′j and w ′j + 1 are vertices of f ∗(K2k+1) in
J2k+1 \ W7. Note that G˜ is a linear spatial embedding of K2k−1 by f ∗ which contains k as k2k−1f ∗ . By assumption, p(k2k−1f ∗ )
and each radial line of D meet at two points except each crossing. Then we can easily show that p(k2k+1f ∗ ) also has such
a property. Thus, in the case when n = k+1, we obtain it. Then the knot is the closure of a 2-string braid, and hence the knot
is T (m,2) for some integer m. Moreover, we transform the knot to cancel 4 crossings p(e′13) ∩ p(e′24), p(e′13) ∩ p(e′2(2n−1)),
p(e′1(2n−2)) ∩ p(e′2(2n−1)), p(e′1(2n−2)) ∩ p(e′(2n−3)(2n−1)) by an isotopy for f ∗(K2n−1) keeping the knot being the closure of a
2-string braid as shown in Fig. 4.
Note that the crossings of the projection of the resulting knot are all positive crossings by the deﬁnition of f ∗ . Thus,
the spatial graph f ∗(K2n−1) contains T (2n− 5,2). By using the same method, we can also prove that spatial graph f ∗(K2n)
contains T (2k − 5,2) (since f ∗(K2n) contains f ∗(K2n−1)). 
3. Circular spatial embedding
In this section, we consider if every graph has a circular embedding and show some properties of such an embedding.
Deﬁnition 3. Let G be a graph. A spatial embedding f :G → R3 is called a circular spatial embedding if there exists a round
circle l in R3 such that f (e) ⊂ l for each element e of E(G).
Every graph has a circular spatial embedding. We show this as follows. Let G be a graph with n edges. First, we take
the image of each vertex of G such that it is on the x-axis, and we take the image of each edge of G a round arc in the
xy-plane as in Fig. 5. Then we transform the image of each edge into a sheet of book (which is K1,n × [0,1], cf. [4,3]), such
that each sheet contains just one edge as show in Fig. 5. (This can be done it by rotating each round arc on the xy-plane
with respect to the x-axis.)
Remark 4. There exists a spatial graph which does not have a circular spatial embedding in the isotopy classes. For example,
consider a spatial graph as in Fig. 6.
Next, we show some properties of a circular spatial embedding. We restrict to the space of knots from now on. Let K be
a knot. We deﬁne the circular number of K , denoted by Circ(K ), as the minimal number n such that K has a circular spatial
embedding with n round arcs. We deﬁne the stick number of K , denoted by st(K ), as the minimal number n such that K has
a linear spatial embedding with n straight line segments. We deﬁne the arc index of K , denoted by arc(K ), as the minimal
number of sheets of book such that the book contains K and each sheet contains exactly one subarc of K . We deﬁned the
crossing number of K , denoted by c(K ), as the minimum number of crossings taken over all the projections of K . Now we
assume a diagram D ⊂R2 of an oriented knot K ⊂R3 lies in general position relative to a height function of R2. We deﬁne
the bridge number of K , denoted by b(K ), as the minimum number of n such that a diagram of K has n local maxima with
respect to a height function of R2. Clearly, the integers deﬁned above are invariants of knots. We have the following.
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Proposition 5.
(1) Circ(K ) is equal to 1 if and only if K is the unknot.
(2) Circ(K ) is less than or equal to st(K ).
(3) Circ(K ) is less than or equal to arc(K ).
(4) Circ(K ) is less than or equal to c(K ) + 2.
(5) b(K ) is less than or equal to 2Circ(K ).
Remark 6. It follows from the deﬁnition of Circ(K ), there is no knot with circular number 2. Recently, G.T. Jin has announced
that a prime knot K is non-alternating if and only if arc(K ) is less than or equal to c(K ) [5]. Thus, if a prime knot K is
non-alternating knot, then Circ(K ) is less than or equal to c(K ).
Proof of Proposition 5. The statement (1) follows from the deﬁnition of Circ(K ). We show the statement (2). We consider
a knot K realizing st(K ). Then, we obtain (2) by moving this knot a bit to transform each edge of the spatial graph into
round arc. We take a knot K realizing arc(K ) on book. Then, we can show (3) by replacing an arc of each sheet to a round
arc with the same boundary on the sheet. Y. Bae and C.-Y. Park showed that arc(K ) is less than or equal to c(K ) + 2 [1].
The statement (4) follows from the fact and the statement (3). Finally, we show the statement (5). First, we take a knot K
realizing Circ(K ). Let n be the number of round arcs which compose the knot. Then, we take a generic projection of the
embedding. Note that there are at most one local maxima on each round arc with respect to a height function ψ , and
the number of the vertices is equal to n. Here, we round a diagram near each vertex as in Fig. 7. We denote the resultant
diagram by D . Then we see that the number of local maxima is at most 2n. Thus, b(K ) is less than or equal to 2Circ(K ). 
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Fig. 11.
Proof of Theorem 2. First, we show that Circ(K ) is equal to 3 if K is a trefoil knot. In fact, we take circles S , T and W on
the xy-plane though the origin, the zx-plane and a parallel plane to the yz-plane respectively such that S , T and W meet
at 3 points o, s1 and s2 as in Fig. 8.
We denote the thin arcs connecting o and s1 on S , o and s2 on T and s1 and s2 on W by os1, os2 and s1s2, respectively.
Then the knot consisting of S ∪ T ∪ W − {os1,os2, s1s2} is a trefoil knot. Hence Circ(K ) is less than or equal to 3. By
Proposition 5(1) we see that Circ(K ) is larger than or equal to 3. Thus, we know that Circ(K ) is equal to 3.
Next, we show that if Circ(K ) is equal to 3, then K is a trefoil knot. By assumption, K is represented by a spatial graph
consists of 3 round arcs. We denote the 3 vertices by v1, v2 and v3. We consider a triangle with vertices v1, v2 and v3
which bounds a disk in R3. We denote the disk by δ (see Fig. 9(a)). We also denote the arcs connecting v1 and v2, v2 and v3
and v1 and v3 of K by v1v2, v2v3 and v1v3, respectively. The union of an edge of the boundary of δ and vi v j bounds
a disk in R3, denoted by Dij (1 i < j  3). The disk is described by a colored region in Fig. 9(b).
The union of the disks D12 ∪ D23 ∪ D13 and δ forms an immersed disk in R3 which maps ui to vi , where ui ∈ R2
(i = 1,2,3). We denote the corresponding immersion by f as in Fig. 10.
Note that the disks D12, D23 and D13 intersect in a union of some straight lines in R3. For example, a pair of thin
straight lines in Fig. 10 is the preimage of the intersection of D12 and D13. Suppose that one of the disks has intersection
as in Fig. 11.
Then the intersection is canceled by an isotopy of R3, and we have the unknot. Thus we consider the other intersection
which is shown in Fig. 12(a). Note that the immersed disk has only one triple point. We consider a projection p of the disk
to the plane Π which contains δ such that it maps the triple point is mapped to the barycenter of δ. (We may assume that
the triple point is not contained in Π .) The image of the intersection of the immersed disk is mapped to Π by p as shown
in Fig. 12(c). (Each line segment may stick out of the triangle.) Then we deform the knot along the immersed disk as shown
in Fig. 12(b) such that the projection has only three double points as shown in Fig. 12(c).
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Thus, we know that the knot is a trefoil knot or the unknot. If K is the unknot, then Circ(K ) is equal to 1. Therefore, by
assumption, we know that K is a trefoil knot.
Let K be the ﬁgure-eight knot. Finally, we show that Circ(K ) is equal to 4. We take the circle P , Q and R on the xy-plane
though the origin, a parallel plane to the yz-plane and a parallel plane to the zx-plane, respectively such that P , Q and R
meet in 2 points t2, t3 as shown in Fig. 13.
We also take a round arc L though origin which meets R at a point t1 as in Fig. 13. We denote the thin arc connecting t1
and t2 on R , t2 and t3 on Q and o and t3 on P by t1t2, t2t3 and ot3 in Fig. 13. Then the union P ∪ Q ∪ R∪ L−{t1t2, t2t3,ot3}
forms the ﬁgure-eight knot. Thus we know that Circ(K ) is less than or equal to 4. By the above argument, if Circ(K ) is less
than or equal to 3, then K is a trefoil knot or the unknot. Therefore we obtain that Circ(K ) is equal to 4. 
Finally, we deﬁne an invariant of a knot, by using a circular spatial embedding. Let K be a knot. We deﬁne um(K ) as the
minimal number of crossing changes such that K is transformed into a circular spatial embedding consisting of m round
arcs. Notice that if m is less than or equal to 2, then um(K ) is exactly equal to the unknotting number of K . In this sense,
we may say that um(K ) is a generalization of the unknotting number. We obtain the following corollary from Theorem 2.
Corollary 7. If K is a trefoil knot (respectively the ﬁgure-eight knot), then um(K ) is 1 if m is less than or equal to 2 (respectively 3)
and 0 if m is larger than or equal to 3 (respectively 4).
Remark 8. The circular number is not additive under connected sum in general. For example, the connected sum of a trefoil
knot and its mirror image has circular number 4. In fact, we have a circular spatial embedding with 4 round arcs as shown
in Fig. 14. By Theorem 2, we know that the circular number is equal to 4.
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